
 
Figure 1: Phase diagram of RBC motion as 
function of Ca and α. 
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Introduction 
To understand elastic deformation of a red 
blood cell (RBC), the constitutive equations 
with a set of elastic moduli have been 
extensively investigated. On the other hand, 
the natural state (i.e. zero-stress configuration) 
has been relatively unclear. In this study, we 
perform a coupled analysis of the membrane’s 
elastic deformation and viscous fluid flow to 
examine effects of the membrane’s natural 
state on RBC motion under simple shear flow. 
 
Methods 
A cell membrane of biconcave discoid RBC is 
discretized with 2304 triangular elements. The 
total elastic energy due to in-plane deformation, 
𝑊P , is determined by the constitutive law of 
shear and area dilatation by Skalak et al. [1973]. 
The elastic energy due to out-of-plane bending 
deformation, 𝑊B, is determined with a potential 
energy for pairs of neighbouring triangles 
[Tsubota and Wada, 2010]. We also consider a 
penalty function 𝛤V  for constant RBC volume. 
Nodal force 𝑭𝑖 = −𝜕(𝑊P + 𝑊B + 𝛤V) 𝜕𝒓𝑖⁄  on 
computed node 𝒓𝑖 is calculated, and traction ∆𝒇 
on the triangular elements is estimated from 𝑭𝑖. 
Boundary integral equation with the jump in the 
hydrodynamic traction ∆𝒇 is solved for single 
RBC under shear flow. 

For in-plane shear deformation, sphere, 
biconcave disk and their intermediate shapes are 
considered membrane’s natural states. They are 
quantified with parameter 𝛼 (0 ≤ 𝛼 ≤ 1) as 
𝒓𝑖0 = 𝒓𝑖

𝑆𝑝ℎ + 𝛼�𝒓𝑖𝐵𝐷 − 𝒓𝑖
𝑆𝑝ℎ�.      (1) 

𝒓𝑖0, 𝒓𝑖
𝑆𝑝ℎ and 𝒓𝑖𝐵𝐷 are positions of nodal point i 

on the natural-state cell membrane, a sphere 
with area 𝐴0 and volume 𝑉Sph, and a biconcave 
disk with 𝐴0  and 𝑉0 = 0.64𝑉Sph , respectively. 
The natural state of bending deformation is 
assumed as a flat plane. The viscosity ratio 𝜆 of 
RBC’s inner fluid and the suspending fluid is 
0.2 . The capillary number Ca = 𝜇�̇�𝑎 𝐺⁄ , 
defined with viscosity of suspending fluid, 𝜇 , 
shear rate �̇� , characteristic radius 𝑎 =
�3𝑉0/(4𝜋)3  and membrane’s shear modulus 𝐺, 
is varied in numerical simulations. 

 
Results 
A RBC motion depends on 𝛼 and Ca (Figure 1). 
A RBC exhibits a tumbling motion (T) for small 
Ca and large 𝛼, and a tank-treading motion (TT) 
for large Ca and small 𝛼. Therefore, Ca value at 
the T-TT transition, CaTr, increases with 𝛼. In 
an in vitro experiment [Abkarian et al, 2007], T-
TT transition occurs around 𝜇�̇� = 0.015−
0.075Pa , corresponding to Ca0Tr =  0.017−
0.085 when 𝐺 = 2.5 × 10−6 N/m is assumed. 
To express Ca0Tr in the simulations, 𝛼 = 0.06 −
0.36 is a necessary condition. 
 
Discussion 
Simulation results are consistent with an 
earlier numerical result that in-plane shear 
modulus 𝐺 is to be smaller than measured 𝐺 to 
express T-TT transition at measured Ca0Tr 
[Abkarian et al 2007]. Relying on the measured 
𝐺  values, these numerical results from two 
different studies support the existence of the 
moderate nonuniformity in the membrane’s 
natural state with respect to in-plane shear 
deformation. Quantitative understanding of the 
natural state would lead us to precise 
estimation of membrane’s viscoelastic 
behaviours of RBC by detailed numerical 
simulations, which is now underway. 
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