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Introduction 
In 1976, Greenspan published his paper on the 
Growth and Stability of Cell Cultures and 
Solid Tumors [Greenspan, 1976], describing 
the small deviations of the complete spherical 
case. These deviations were assumed to 
depend only on the polar angle θ. In this work, 
we expand his work, in studying the 
perturbation of both the polar and the 
azimuthial angles and checking the instability 
of the tumour. 

 
Methods 
In this work, we present a two-phase problem; 
the inner problem includes the unperturbed 
sphere, while the outer part includes the 
surface and its deviations. To describe the 
pressure distribution inside the colony we use 
Poisson equation, while Laplace equation is 
applied for the nutrient concentration outside 
the colony. We assume that the bounding 
surface is defined by 
  ,        (1) where 

 is the velocity of boundary points. We 
assume that the radius is determined by  

 ,      (2) 
where R(t) is the initial radius, εξ(θ,φ,t) is the 
perturbation of the radius. 
To solve the inner problem we solve a 
homogeneous system of ODEs, while in the 
exterior part we take into consideration the 
instabilities and use modal forms for their 
representation. 

 

Results 
In the interior problem, the fields are identical 
to the Greenspan problem, while in the outer 
problem the solution for the deviation is 

 
                                                        (3) 
 where 
 ).  (4) 
 
Discussion 
The term  determines whether 
the disturbance amplifies or decays. For n=0, 
the mode is stable. For n=1,  is stable. 
For n all modes are unstable.  
We can also find the minimum critical radius 
at which the tumour becomes unstable. This is 
given by 
  .        (5) 
Consequently, it is the radius of the 
instantaneous state of the tumour that specifies 
the degree of its instability. When the tumour 
exceeds the minimum critical radius, it is 
probable to break up [Sutherland, 1971] and 
start travelling through the body initiating in 
this way the process of metastasis. 
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